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ABSTRACT

A mathematical model of the release of inert gas from a two-phase system with changing
solid-particle surfaces; the overall diffusivity changes of the system arising from chemical
reaction are also given. The explicit form of the model is derived from the emanation rate
from surface labeled calcium silicates during their hydration. Emanation curves under the
assumption of the Pommersheim-Clifton model of hydration kinetics are simulated on a
computer and good agreement with experimental results is demonstrated for the hydration of
powdered tricalcium silicate.

INTRODUCTION

There are many cases in material science of systems of a powdered solid
substance reacting with a liquid or a gas to form an agglomerated solid. The
intermediary stages of such complex reaction processes include changes of
the magnitude and quality of the reacting particles’ surfaces as well as the
area originally filled by the second reacting phase.

Emanation thermal analysis [1-3], which has been shown to give quantita-
tive information about the structural changes of polymorphous materials
[4-6], can serve as a powerful aid in such studies. Good agreement of the
emanation rate curve with the kinetics of the hydration of calcium silicates,
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as well as more complex cement-based mixtures, has been shown both
qualitatively [7-9] and semiquantitatively [10]. The purpose of this paper is
to give a more detailed account of a generalized mathematical model and to
verify its applicability to experimental results.

GENERAL THEORY
Basic assumptions and the general form of the model

Let us assume a solid material in the form of a collection of spherical
grains whose radii are distributed according to some function p(r,), which
are in contact with a reacting fluid phase filling all the space between the
grains. The surfaces of the grains are impregnated by a relatively long-lived
parent radionuclide such as ***Th, which decays with the constant A to an
intermediary nuclide, such as ?*Ra, with a stationary concentration cg(r)
on the radius r (cg(r)=0 for r,—r> py where py is the range of the
nuclide); the intermediary nuclide decays, with constant Ay, to an inert
radioactive gas, such as 220Rn, which is, in the case of compact solid grains
and a low temperature, freed from the grain almost exclusively by recoil,
after which it is transported by diffusion through the fluid phase in the pores
and is measured on the surface of the sample.

The negligible concentration of the radionuclides in the sample warrants
the assumption that neither their presence nor their decaying process in-
fluence the course of the main physico-chemical processes in the system.

On the basis of the quasicontinuum-domain (QCD) model [11], we
consider the porous space filled by the liquid or gaseous phase to be a
diffusion quasicontinuum, the value of the main diffusion coefficient, D(z),
depending on the degree of the reaction and, thus, on time. We assume that
the only free surface for the final transport of the measured gas is the
surface of the sample above it, so that the only statistically important
gradient of the measured gas concentration exists in the direction vertical to
the sample surface; if we label the corresponding coordinate x ranging from
zero on the surface and A on the bottom of the sample, the gas transport
should be given by the relation between dc/d¢ and 9%c/9dx?. According to
the methodology of the QCD model [11], we assume that the creation of the
diffusant in the quasicontinuum by its emission from the grains can be
approximated by a source function {(#) which depends exclusively on time.
This assumption is based on the fact that the distances in the vicinity of the
grain surface at which the function { can be spatially dependent to a
significant extent are very small relative to the dimensions of the sample and
comparable with the length of one diffusion jump so that, statistically, the
spatial fluctuations of the {-value are leveled down almost instantaneously.
Therefore, if the decay constant of the inert gas is A, its concentration in the
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quasicontinuum has to follow, approximately at least, the diffusion equa-
tion:

dc(x, 1)

0%c(x, t)
5 P

Ae(x, ) +¢(1) (1)

The explicit form of eqn. (1) depends, of course, on the expressions for D(r)
and {(1).

The source function {(t)

If recoil is assumed to be the sole form of the gas transport from the
grain, the source function is, to a good approximation, given by

max - Rn]d(
<=+ ["p(r )[ek(rg, )= [*po. r,)E(p. r,) dp| dr, @)
where R ;, and R, are the least and greatest values of r,, respectively, »

is the normalizing factor and e R(r , 1) is the recoil emanation rate from the
grain with original radius r,; p’(p, r,) is the probability of the grain with
radius p to be in the vicinlty of the grain and £(p, r,) is its trapping factor
for the gas atoms emitted by recoil. Considering, however, the complications
of the trapping phenomenon [5], we prefer to include a main correction for
trapping directly into eg(r,, ¢) and to simplify eqn. (2) to

Rmul -
S()=v[ "p(r)eg(r. 1) dr (2a)
If the particles of the solid appear as more or less defined agglomerates of
the elementary grain (assuming this to be of a uniform radius) so that p(r)
is a stepwise or, at least, a distinctly polymodal distribution, eqn. (2a) can be
expressed as a sum

t)—Zp r)ér(r, t) (2b)

where p(r,) is the number fraction of the /-th agglomerate.

The explicit form of {(t) or ex(r,, t) is, however, rather complex in the
case of the changing grain surface during the reaction. Usually, the emerging
surface is formed out of the near-to-surface inner layers by their diffusion
controlled reaction with the fluid phase. In this case, the atoms of the
intermediary radionuclide as well as those of the radioactive inert gas which
have not decayed up to the given instant, are being transferred to the surface
by the reaction and are thus available directly for the diffusion in the porous
quasicontinuum. There should exist some critical degree of the overall
reaction a, at which virtually all these atoms are, effectively, on the surface
or decayed. In such a way, the ongoing reaction enhances the value of (1),
up to «, at least. However, the space between the grains is filled progres-
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sively by the newly formed material which can trap the gas atoms emitted by
recoil and thus lower the effective value of {(z). The exact mathematical
form of these two correction factors depends on the details of the process in
question and thus cannot be given generally.

In a phenomenological approach to the problem the following expression
for {(t) is proposed, reflecting both increasing and decreasing influence of

a(t) on {(t):
$(6) = {8+ ($m— o) exp[8,(1 — a./a)]} exp(—8,a); a < (0, a,) (3a)
(1) =¢, exp(—6,a); a> a, (3b)

where {, and {,, are the initial and maximum source (recoil) functions,
respectively, i.e. (see refs. 4 and 5)

T o;
$o= ‘i’gATCT“‘(’g*'%Pr) (4a)
Pr
and
$m=A4mArorr] (4b)

here, Iy is the initial grain radius, ¢y is the surface concentration of the
parent nuclide and pg, p, are the respective ranges of the intermediary
nuclide and the inert gas in the solid of the grain. In eqn. (3), §,; and §, are
empirical coefficients which have to be found for a given process and a_ is
the critical value of the reaction degree a. The time dependence of the {
value is thus a transformation of the time dependence of « which has to be

established for the individual reaction process.
The diffusion coefficient D(t)

In the first approximation, we assume the diffusion of the inert gas
through the solid reactant as well as through the solid reaction product to be
negligible, relative to the diffusion through the quasicontinuum. If the
relatively impermeable product adds to the surface of the solid grains and
thus fills the space between the grains, the diffusion coefficient has to
decrease progressively with the increasing reaction degree a. The form of the
dependence proposed for D(t) is given in eqn. (5):

D(t) = D(0) exp(—8,a) + D(oo) (5)
where D(0) corresponds to the initial Knudsen diffusion, i.e.
D(0) = 0.5r,(8RT/37M )"’ (5a)

(assuming the grains or agglomerates to be as small as to form a true porous
space between them), and D(o0) is some final value, corresponding to the
porosity of the product.
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Emanation rate

According to our assumptions, the radioactive inert gas is transported
through the outer surface of the sample either by pore diffusion from inner
layers of the sample or by recoil from the surface layer of it. The expression
for the emanation rate must thus consist of two terms:

En=N,|2n(r,)/3 - 0.25r2312D(1) g—; (6)

x=0

where N, is the number of surface grains. For the explicit form of eqn. (6),
the solution of eqn. (1) has been shown [4] to be

(e, 0= T cosl B, (A= x)](8,(0) + 6, (1) )
where

_2¢(0) 2h 1 a
b (1) = hoA {(2n+ N7 a’+ B? A= sinh(ah)]}

Xexp[— nhz /(‘:D(v) dv (8)

and

2 aln? . a2n? l
c, (1) , &P _/(;D(v) dv j(;{(s) exp|As + fOD(v) dVJ ds

h? h?

(%)
with
a=(A/D(0)";  B,=(n+05)m/h (10)
According to this eqn. (6) can be rewritten in the form

— Nr O 31/2 - e
Ey = ;g{WKTCTP_(rg+%Pr)—rgTD(t)e A Z,Bn[b,,(t)+c,,(t)]}
n=0

) (11)

Equation (11), with eqns. (3), (5), (8), (9) and (10) is the master equation of
the rate of emanation from a reacting sample. For the explicit form of eqn.
(11) the dependence a(¢) has to be found from an experimental study of the
reaction kinetics.
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SPECIFICATION, SIMULATION AND VERIFICATION OF THE MODEL

The specific form of the model for the hydration of calcium silicate, 3CaO - SiO,
(CsS)

The typical case for our model is that of calcium silicate, 3CaO - SiO,, or
more generally Portland cement mixtures reacting with water. According to
the model proposed by Pommersheim and Clifton [12] for the hydration
kinetics, the spherical grain of the silicate is supposed to react with water in
a spherical zone proceeding from the outer surface of the grain to its center
thus producing the voluminous outer layer of the secondary hydrate. Apply-
ing this model to the intact original silicate, the following differential
equation can be deduced for the radius of the inner sphere

3
ari, Ty Dirg+é_1 +&xoexp(—,81[)+ D;
dr |\ Kr2 T D, ry D, /,

1 15{
o, — (0.7 + V)(l - ri3/rg3)

X 1= [1+v(1=rmd) )

(12)

where o; = v - w/s, v being the specific weight and w/s the ratio of water to
the original silicate; 7 is the characteristic time, 7= alrg2 /coD,, where a; is
the number of water molecules needed for the hydration of one molecule of
the silicate, ¢, is the concentration of the free ions of calcium or equivalent
metal in the solution, D,, D, and D, are the diffusion coefficients of water
in the original silicate, in the secondary and in the primary hydrate,
respectively, K is the rate constant of the primary hydration, x, is the
thickness of the primary hydrate layer at the very start of the reaction and 8
is the rate constant of its disappearing. Equation (12) has to be solved by
some numerical method, e.g. by some version of the Runge-Kutta proce-
dure.

With the value of r,(¢) at the current time, we define the reaction turnover
a

a(t) =1—(r()/r,) (13)

by which the values of eqn. (11), via eqgns. (3). (5), (8). (9) and (10) are
obtainable.

Exploration of the model by its computer simulations

For the simulations of the emanation rate from hydrated calcium silicate
(C,S), the following initial values of the parameters have been used: w/s =
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Fig. 1. Simulated curves of the emanation rate during hydration of 3CaO-SiO, at various
temperatures (20-50° C, i.e. 293-323 K); for other parameters see the text.

1.0, a;,=1.0, y=32, r=22, D,O—135><105 ED—4OkJmol‘1 =
0.82x 1077, Ep, =45 k] mol~!, D_=223X10"", Ep,=30 kJ mol
Xo=235%10"% m, /30—06><108 EB—40 kJ mor‘ K,=8.1, E, =40 KJ
mol, 7,=35X10"" m, ¢,=0.1 mol 17", T=293 K, §, =50, §,=20,
8, =15.0.

Some of these parameters were proposed by Pommersheim and Clifton
[12], some were taken from our experiments. In the Figs. 1-9a the values of
the emanation rate E are given in relative (non-dimensional) units, taking
Arct/Ar =1. The experimental values of E; in Fig. 9b are given in
non-dimensional units obtained as the radon release rate of the sample,
related to the radon release rate of the reference material.

Figure 1 shows the change of the simulated emanation rate curve with
reaction temperature. In accordance with the experimental data, the maxi-
mum of the curves moves markedly to a shorter reaction time and its

£, [KJ/mol] 40 45 50

il IS I N T [ S VO W A \ [
5 10 15 2 25
time [hours ]

Fig. 2. Simulated curves of the emanation rate during hydration of 3Ca0-SiO, at 293 K
supposing various values of activation energies E, of the primary hydration of the original
calcium silicate; for other parameters see the text.
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Fig. 3. Simulated curves of the emanation rate during hydration of 3Ca0O-SiO, at various
values of activation energies Ep, of the diffusion of water through the primary hydrate; for
other parameters see the text.
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Fig. 4. Simulated curves of the emanation rate during hydration of 3CaO-SiO, at 293 K
supposing various values of activation energies E of the disappearing of the primary hydrate,
for other parameters see the text.
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Fig. 5. Simulated curves of the emanation rate during hydration of 3Ca0O-SiQ, at 293 K
supposing various activation energies Ej, of the diffusion of water through the intact calcium
silicate; for other parameters see the text.
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Fig. 6. Simulated curves of the emanation rate during hydration of 3CaQ-SiO, at 293 K
supposing various activation energies Ej of the diffusion of water through the secondary
calcium silicate hydrate; for other parameters see the text.
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Fig. 7. Simulated curves of the emanation rate during hydration of 3CaQ-S5iO, at 293 K
supposing various concentrations of Ca?* (curve 2 corresponds to the concentration fivefold
lower than the concentration represented by curve 1, curve 3 corresponds to the case of the
increased concentration of Ca?* due to the hydrolysis of calcium silicate; for detailed
description see the text).
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Fig. 8. Simulated curves of the emanation rate during hydration of 3CaQ-SiO, supposing
various grain size (0.1, 0.7 and 3.5 pm) at a temperature of 293 K.
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Fig. 9. Comparison of the simulated curve of emanation rate and experimental curves
measured during hydration of 3Ca0O-SiO, at 293 K (W/solid = 0.4). (a) The simutated curve
of emanation rate during hydration of a two-sized calcium silicate sample (grain sizes 0.7 and
3.5 pm). (b) Experimental curves of emanation rate of polydispersed samples of calcium
silicate of various origin and surface area: (curve 1, surface area 1.2 m*> g~ !: curve 2, surface
area 0.3 m” g~ ': curve 3, the sample from which grains smaller than 0.5 pm were eliminated.)

half-width decreases at higher reaction temperature. To see which part of the
model is the most sensitive to this, the individual activation energies of the
elementary processes were changed with other parameters remaining con-
stant; the results of these simulations are shown in Figs. 2 to 6. A compari-
son of the latter shows that the most pronounced influence is on the changes
in £y, Ep and Ej, ie. the activation energies of the net hydration reaction
and of the water diffusion through the primary and the secondary hydrate,
respectively. The further separation of these influences is rather difficult in
theory as well as in physical reality.

Furthermore, the change of the theoretical curve caused by the change of
¢y. i.e. the starting concentration of the polyvalent metal ion in the liquid
phase, can be seen in Fig. 7; here, in the case of curve 2, this concentration
has been decreased by a factor of 5. which brought about a marked change
of the shape of the curve as well as a shift of its maximum to a longer
reaction time.

If, however, the additional possibility of the gradual concentration in-
crease by the primary silicate hydrolysis are included into the model by the
equation
de/dt=ki¢p(1 —a) —kse (14)
where k,, k, are some reaction constants and ¢ is the stoichiometric factor,
the shape of the curve and even the position of its maximum can be
assimilated into the original one; this can be seen in curve 3 of Fig. 7. This
supplement to the model reflects the case of the reaction suppression by
some chelating agents and of its agitation by using the ion-rich solutions as
the original liquid phase.

There is another parameter in the model which proves to be important in
practical applications, viz. the radius of the original solid grain. In the
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simulations shown so far, a uniform distribution of the grain size has been
assumed. In a real sample, however, this condition can hardly be fulfilled.
Therefore, it is important to explore the change of the emanation rate curve
with the varying grain size. This is illustrated in Fig. 8 for the grain radii
0.1 x107%,0.7 X 107® and 3.5 X 10~° m; the main change is, apparently, in
the shift of the curve maximum to a shorter reaction time with the decreas-
ing 7,.

Experimental verification of the model

In Fig. 9a the simulated curve of the emanation rate for hydration of a
tricalcium silicate two-sized sample is shown. (The grain sizes r,=0.7 pm
(50%) and r,=3.5 um (50%) were assumed.) Comparing the three typical
experimental curves of 3CaO - SiO, hydration in Fig. 9b (obtained from the
hydration of three different samples of 3CaO - SiO,) with Fig. 9a and
simulated theoretical curves in Figs. 1 to 8, one can see a fairly good
agreement between the experimental results and the model solutions. Taking
into account that the history of the samples studied may strongly influence
the kinetics of the tricalcium silicate hydration, the differences in the shapes
of the curves in Fig. 9b may be ascribed to the different grain size and
thermal treatment of the samples. Moreover. it can be supposed that two- or
poly-sized tricalcium silicate samples can be characterized during their
hydration by two or more more or less pronounced effects on the ETA curve
measured at constant iemperature. The ETA experimental results of Portland
cement samples by Balek et al. {13] confirmed this supposition.

CONCLUSIONS

The mathematical model of radon release from solids under heterophase
chemical reactions is given, taking into account the changes of the surface
area and diffusion properties of the system under reaction. A general model
is used to describe the experimental results of emanation thermal analysis
during hydration of 3CaO - SiO, in isothermal conditions. The model solu-
tions were compared with experimental curves of radon release rate from
hydration samples, which differed in their history. On the bases of this
model, the description of the behaviours of various samples of 3CaO - SiO,
during hydration in different conditions can be made and the differences in
the hydration can be evaluated.
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